P iezoelectric materials are finding increased applications in a variety of macro/micro-sized sensors and actuators through the direct and/or converse piezoelectric effects. a large number of these devices utilize either the longitudinal piezoelectric coefficient-for example, thin film bulk acoustic wave resonators (tBar) and filters [1] [2] [3] , or transverse piezoelectric coefficient-for example, unimorph/bimorph structures such as cantilevers, fixedfixed beams, and membranes [4] [5] [6] . accurate evaluation of macro/micro-sized piezoelectric device performance is crucial to design and development, requiring proper use of the stiffness/compliance and piezoelectric coefficients involved because piezoelectric device performance such as static and dynamic responses are determined by these coefficients. the literature points out effective piezoelectric coefficients e 31,f and d 33,f for thin film materials [7] [8] [9] and reduced dimensionality equations for bulk materials [10] , [11] , but there is still a lack of understanding of piezoelectric ceramics constitutive equations in the dimensional reduction. this is due to the fact that the following e or d forms of the constitutive equations for z-polarized piezoelectric ceramics are used for 2-d analyses of macro/microsized devices. in most of the literature and textbooks, the stiffness, compliance, and piezoelectric coefficients remain unchanged from the 3-d constitutive equations: 
in these equations σ i , ε i , c ij , and s ij denote in turn components of the stress and strain vectors and components of stiffness and compliance matrices measured at constant electrical fields. E 3 and D 3 are the z-components of the electric field and displacement, e ij and d ij are the piezoelectric stress and strain coefficients measured at constant strains and constant stresses, and e e 3 and e s 3 are the z-components of dielectric coefficients measured at constant strains and at constant stresses. from (1)-(4) it appears that e 31 (or d 31 ) alone when used for 2-d structural analyses-that is, e 33 (or d 33 )-has no effect. We found that this is true for (3) and (4) but not generally for (1) and (2) . the main motivation for this paper is to 1) understand effects of the dimensional reduction from 3-d to 2-d and 1-d on stiffness/compliance and piezoelectric coefficients, which are often required in piezoelectric sensor and actuator design and analysis; and 2) to make them available to piezoelectric researchers and users at a level that enables them to accurately evaluate piezoelectric devices' performance. this paper will therefore use the 3-d constitutive equations to systematically derive 2-d and 1-d constitutive equations for piezoelectric ceramic materials by considering the following specific cases which feature modified elastic, piezoelectric, and dielectric constants: 1) 2-d plane stress state, 2) 1-d beam with x-directed stress, 3) 1-d bar with z-directed stress, and 4) thin/thick film clamped on a substrate with z-directed strain. two modified coefficients are presented in this paper, termed reduced and enhanced, to enable better understanding of the effects of the dimensional reduction on piezoelectric material coefficients and their impact on the design and analysis of sensors and actuators for diverse readers with interests ranging from piezoelectric bulk and thin film materials to piezoelectric devices. the importance of these modified coefficients to the design and analysis of sensors and actuators has also been demonstrated by using their calculated values to determine the tip displacement of a micro-cantilever and the charge output of a triaxial accelerometer.
ii. derivations of 1-d and 2-d constitutive equations all the derivations of the e or d forms of the constitutive equations in the 1-d and 2-d analyses below start from the 3-d constitutive equations and in all the cases studied the electric field is applied in the z-direction (thickness) only while the piezoelectric materials are c-axis oriented or ferroelectric poled in the z-direction. in addition, the polarized piezoelectric ceramics are transversely isotropic in the x-y plane. their linear behavior described by (5) and (6) is the same as crystals having 6mm symmetry.
iii. e form of constitutive equations 
A. Plane Stress State
in practical engineering problems one is often interested in a state of plane stress, as this stress state is often required to design macro/micro-sized plane structures such as diaphragms or membranes for pumps and microphones [12] . in the case shown in fig. 1 , the thickness h of the plate is substantially less than the in-plane (x-y plane) dimensions and so
in the case studied here the voltage is only applied in the z-direction, and so we have
substituting (7) and (8) into the term σ z in (5) gives 
then substituting (9) into the terms σ x and σ y in (5) and the term D 3 into (6), we obtain 
it can be seen from (12) [10] and [11] .
although the enhanced piezoelectric coefficient e 31,2-d was derived for the plane stress state, it can be found to be exactly the same as the effective piezoelectric coefficient e 31,f , which is a practical measurement of e 31 for a piezoelectric thin/thick film on a substrate [7] [8] [9] . so it can be said that e 31,f would also be measured in the plane stress state, shown in fig. 2 where the thickness of piezoelectric h f is comparable to that of the structure h s , but it should be borne in mind that this is only true if the dimensions of the electrode area of the sample are significantly larger than the sample thickness (h s + h p ) to ensure the condition for the plane stress state.
apart from the already mentioned e 31,f , reduced and enhanced coefficients are rarely used in 2-d macro/microsized structural or device design and analyses when the e form of the constitutive equations is used, which would lead to the calculated charge being lower than that generated in an actual device, whereas for actuator analyses, the calculated deformation is lower than that of an actual device. so the analyses of macro/micro -sized piezoelectric device performance would be significantly underestimated if (1) and (2) were used.
B. 1-D Beam With the x-Directed Stress
in this case, depicted in fig. 3 , the x dimension is significantly larger than the y and z dimensions and so we have a 1-d beam. such a beam structure can be used to design cantilevers for rf-MeMs switches, resonators, and filters, as well as pressure and accelerometer sensors. Because the thickness is taken as small and all the stresses 
it should be known that (13) and (14) apply throughout the volume of the beam.
for the length, the only finite dimension, the stresses on the surface, σ xz and σ xy , have already been found to be zero so that the only stress different from zero in the interior is σ x .
substituting (13) and (14) into (5) c 
substituting these solutions into the terms σ x and D 3 gives 
as can be seen in the preceding equations, the coefficients are reduced or enhanced as mentioned in section iii.a, and similar conclusions about their effects can be drawn as given previously with reference to (10) and (11).
C. 1-D Bar With the z-Directed Stress
in this case, depicted in fig. 4 , the dimension in the z direction is significantly larger than the in-plane dimensions (x-y plane) and so all the stresses are zero on the two surfaces normal to x and y, which gives 
substituting (19) into the e form of the constitutive equations (5)-(6) and then using similar notation to (17) gives + .
reduced and enhanced coefficients result, with effects as noted previously in the discussion of (10) and (11).
iV. d form of the constitutive equations
A. Plane Stress State using a derivation similar to that leading to (10) and (11) but starting from the 3-d constitutive equations in the d form, it can be shown that (3) and (4) are the correct forms for the 2-d piezo-plane stress state. therefore, in this case the d form coefficients that appear in the 3-d constitutive equations are used without alteration, which means that only d 31 is needed for 2-d plate structural analyses whereas for the e form of the constitutive equations both e 31 and e 33 need to be included. fig. 5 , with the z-directed strain and the thickness of piezoelectric film h f significantly less than the thickness of the substrate h s , is the exceptional case of the e form of the constitutive equations in which the coefficients remain unchanged from the 3-d values whereas the d form coefficients are changed. the reasons for this exception are given through the following derivation.
B. 1-D Beam or Bar With x-and z-Directed
since the thin/thick film is clamped to the substrate, the strains, ε x and ε y , cannot differ appreciably from zero in the substrate, and so e e x y = = 0.
substituting (22) into the e form of the constitutive equation (5) 
and it can be seen that the coefficients are the same as given in (5) and (6) . therefore, in this case, the compliance and piezoelectric coefficients are reduced whereas the stiffness is increased.
Here it is worthwhile mentioning that when using this technique to measure piezoelectric thin film coefficients, d 33,f is obtained rather than d 33 . it also should be ensured that the electrode in-plane dimensions are much smaller than the substrate thickness; otherwise, there will be a significant unwanted contribution from e 31,f .
Vi. d 31 relation to e 31 and e 33 Having derived the e and d forms of the 1-d and 2-d constitutive equations for the common cases, the relationship between d and e is now examined to further understand effects of the dimensional reduction by bringing the e and d forms of the constitutive equations together. Because the case in section iii-a has a slightly different relation, here we use the plane stress state for further understanding of this case. the derivation of relationships can start from substituting (10) 
according to [ 
eq. (36) shows that d 31 can be represented by e 31 and e 33 through compliance coefficients, or in other words, for the plane stress state, d 31 alone controls plate deformations, but if e coefficients are used, both e 31 and e 33 need to be included, as Muralt et al. [14] concur.
Vii. effect of Modified coefficient on the analysis of sensors and actuators to quantitatively evaluate the effects of using the reduced and enhanced coefficients in the constitutive equations in the analysis of sensor and actuator performance, the modified stiffness, piezoelectric, and dielectric coefficients for the plane stress state were calculated, as listed in table i alongside the original coefficients. Both sets of coefficients were then used as parameters in 2 finite element modeling programs written using commercial software from ansys (ansys, inc., canonsburg, Pa). the programs calculated the performance of 2 microdevices with integrated piezoelectric thin films: 1) a silicon cantilever with piezoelectric thin film actuation measuring 1000 μm × 250 μm × 15 μm, and 2) a triaxial microac-celerometer with piezoelectric thin film sensing. the resulting tip displacement of the cantilever for the case of 1-μm-thick piezoelectric thin film with 1 V applied voltage and the charge output of the accelerometer under action of 1 g acceleration were calculated and are listed in table ii for both the original and modified coefficients. the material parameters and geometrical dimensions for the simulations of the cantilever and accelerometer were taken from [15, Vii. conclusions accurate evaluation of macro/micro-sized piezoelectric device performance is dependent on the proper use of the relevant piezoelectric coefficients, which are therefore crucial for the design, analysis, and development of such devices. although there are, as the literature has already pointed out, effective piezoelectric coefficients e 31,f and d 33,f for thin film materials, the elastic and piezoelectric coefficients still remain unchanged from the 3-d equations in most of the reported macro/micro-sized leveled devices' 1-d and 2-d analyses involving the e form of the constitutive equations. two modified coefficients, termed reduced and enhanced, have been systematically introduced into the constitutive equations, enabling better understanding of the dimensional reduction from 3-d to 2-d and 1-d, and of how they affect design and analysis of sensors and actuators. in addition, this work is based on the 3-d constitutive equations and so is applicable to the whole range of piezoelectric ceramics from bulk down to thick/ thin films. 
